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ABSTRACT 

Simplified  proofs  are  given  for  Lamport’s  protocols  to  coordinate  concurrent  reading  and 
writing. 


This  material  is  based  on  work  supported  in  part  by  the  Office  of  Naval  Research  under  contract  N00014-86-K-0092, 
die  National  Science  Foundation  under  Grant  No.  CCR -8701 103,  and  Digital  Equipment  Corporation.  Any  opinions, 
findings,  and  conclusion!  or  recommendations  expressed  in  this  publication  are  those  of  the  author  and  do  not  reflect  the 
views  of  these  agencies. 


1.  Introduction 


J  In  most  computing  systems,  hardware  ensures  that  read  and  write  operations  to  some  basic  unit 
of  memory  can  be  considered  mutually  exclusive.  As  a  result,  a  read  that  overlaps  with  a  write  is 
serialized  and  will  appear  either  to  precede  that  write  or  to  follow  it  Operations  that  make  multiple 
accesses  to  memory  are  not  serialized  by  the  hardware.  Therefore,  the  programmer  must  ensure  that 
when  such  operations  overlap,  they  produce  meaningful  results. 

/-  In  this  paper ,^we  give^implified  proofs  for  some  protocols  proposed  by  Lamport  [If  to  coordi¬ 
nate  read  and  write  operations  that  involve  multiple  accesses  to  memory.  The  two  key  theorems  in  r 
j  {+tare  long  and  intricate.  Here,  we  prove  each  in  only  a  few  lines.  Our  facility  with  proofs  and  die 
use  of  formalism  in  problem  solving  has  improved  significantly  in  a  little  over  15  years. ^This  Is  due. 
in  part,  to  the  influence  of  Edsger  Dijkstra.  x 

2.  Words  from  Digits 

Consider  a  computing  system  in  which  the  basic  unit  of  memory  is  a  digit,  and  a  digit  can  con¬ 
tain  one  of  522  distinct  values.  Any  finite  set  of  values  can  be  encoded  using  a  fixed  set  of  such 
digits.  We  call  such  a  set  of  digits  a  word.  To  read  the  value  stored  by  a  word,  read  operations  are 
performed  on  some  subset  of  its  digits;  to  write  a  value,  write  operations  are  performed.  Observe  that 
overlapping  read  and  write  operations  to  a  word  will  not  be  serialized  by  the  hardware.  Therefore, 
without  additional  constraints  on  execution,  it  is  possible  for  a  read  that  overlaps  a  write  to  obtain  a 
meaningless  value.  For  example,  suppose  digits  can  encode  integers  from  0  through  9,  and  a  word  w 
constructed  from  three  digits  initially  encodes  the  value  099.  A  read  that  is  concurrent  with  a  write  of 
value  100  might  obtain  any  of  the  following  results:  099, 090, 009, 000, 199, 190, 109, 100. 

By  constraining  the  order  in  which  digits  are  read  and  the  order  in  which  digits  are  written,  we 
can  ensure  that  a  read  overlapping  one  or  more  writes  does  obtain  a  meaningful  value.  Desired  are 
constraints  that  are  both  easily  implemented  and  non-intrusive.  Execution  of  neither  read  nor  write 
operations  should  be  delayed;  nor  should  the  constraints  require  elaborate  synchronization  primitives. 

In  the  protocols  that  follow,  we  consider  a  word  w  that  is  implemented  by  n+1  digits  w0,  w,, 

....  w„.  Think  of  w0  as  the  least-significant  (right-most)  digit  and  w„  as  the  most-significant  Oeft- 
most)  digit  of  a  base  5  number  being  stored  by  w.  For  a  digit  w„  define  wf  to  be  the  value  written  to 
w,  by  write  operation  number  p?  Also  define  m(r)  to  be  the  number  of  writes  that  have  been  made  to 
digit  w,  as  of  time  t.  Note  that  for  all  /  and  t, 


1[1J  was  first  submitted  for  publication  in  September  1974. 

*It  will  be  convenient  to  assume  that  a  write  operation  to  a  word  writes  a  value  to  every  digit.  The  new  value  can,  of 
course,  be  the  same  as  the  old. 
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3.  Reading  to  the  Left,  Writing  to  the  Right 

We  first  show  that  if  the  digits  of  w  are  read  from  right  to  left  (i.e.  w0,  w1( ....  w„)  but  written 
from  left  to  right  (i.e.  ....  W[,  w0)  then  only  certain  mixtures  of  values  from  overlapping  writes 

are  possible.  Notice  that  implementing  this  constraint  on  the  way  digits  are  accessed  delays  neither  a 
writer  nor  a  reader. 

Lemma  1:  If  digits  of  w  are  written  from  left  to  right,  then  reading  the  digits  from  right  to  left 
obtains  a  value  V=wrH*  wr0°  such  that  rQ^r{  £  •  £/•„. 

Proof:  Define  r,  such  that  r,=p,(r,).  Since  digits  are  read  from  right  to  left,  r0^f  1  £  •  •  • 

For  any  t,  0 £i<n: 

fi 

=  ^Assumption  that  r,  =p,(r,)» 

MO 

£  « Digits  are  written  from  left  to  right* 

Mi(0 

Mifo+t) 

=  ^Assumption  that  r,=MO» 

'•,+1  □ 


Using  this  result,  it  is  possible  to  bound  the  value  obtained  by  a  read  that  overlaps  writes  to  w, 
provided  that  the  values  written  to  w  are  non-decreasing.  Assume  values  stored  in  a  word  are  ordered 
in  the  usual  lexicographic  manner. 

Lemma  2:  If  for  all  i£0,  w),  ...w\  wl0  £  wj,+l  ...w'i+1  wo+1  and  ro^r^  •  •  •  Sr,Sr,+ll  then 
w\ Wo°  S  wr”1  wo’*1. 

Proof:  By  induction  on  the  number  of  digits  that  implement  w. 

Base  Case:  n=0.  By  the  hypothesis  that  •’o^t  £  •  •  •  j,  we  conclude  r0Sr„+ j.  Thus, 

by  the  hypothesis  that  wln ...  w\  wq  v>f*  h'j+1  wo+1  ,  we  have  wq0  Zw'q*1  . 

Inductions ftp:  «>0. 

wrmm  wrm1\  wr09 

£  «By  induction  hypothesis  that  ...  wj*  wo°  £  w*_| ...  wj’  w o  and 
lexicographic  ordering* 

r.  r.  r.  r. 

w/w/.i  ...Wt*  w0* 

£  «By  hypothesis  that  r„  £r*+i ,  and  w* ...  w‘i  h»o  £  w, ...  w\  wo  » 


Combining  Lemmas  1  and  2  we  conclude: 
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Read-Left,  Write-Right:  If  (i)  the  sequence  of  values  written  to  w  is  non-decreasing,  (ii)  digits 
are  written  from  left  to  right,  and  (iii)  digits  are  read  from  right  to  left,  then  the  value  obtained 
by  any  read  will  be  no  larger  than  the  largest  value  written  by  an  overlapping  write. 

There  are  two  interesting  things  to  note  about  this  protocol.  First,  exclusive  access  to  digits  is  the 
only  synchronization  required.  Second,  read  operations  and  write  operations  do  not  delay  each  other. 

4.  Reading  to  the  Right,  Writing  to  the  Left 

By  reversing  the  order  in  which  digits  are  read  and  written,  we  obtain  another  protocol  for  con¬ 
current  reading  and  writing. 

Lemma  3:  If  digits  of  w  are  written  from  right  to  left,  then  reading  the  digits  from  left  to  right 
obtains  a  value  V=w*  ...w^1  w'o 0  such  that  r„<;  •  •  •  £r  i  £ro. 

Proof:  Define  r,  such  that  r,=n.j(fi)-  Since  digits  are  read  from  left  to  right,  tn<,  •  •  •  £r  1  £r0. 
For  any  i,  0<i  <!n: 

n 

=  «  Assumption  that  r,  =ii,(r,)» 

£  « Digits  are  written  from  right  to  left* 

Hi-l(t.-l) 

=  « Assumption  that  r,  =n,(f,)» 

n-i  □ 


As  before,  we  can  bound  the  value  obtained  by  a  read  that  overlaps  writes  to  w,  provided  that  the 
values  written  are  non-decreasing.  Using  Read-Left,  Write-Right  the  value  obtained  was  bounded 
from  above  by  the  largest  overlapping  write.  Having  switched  the  order  in  which  digits  are  read  and 
written,  the  value  obtained  is  bounded  from  below  by  the  smallest  overlapping  write. 

Lemma  4:  If  for  all  i20,  wi  ...w\  w{j  £  wj,+1  ...w‘i+1  wb+1  and  r„+i£r,,£  •  •  •  £rj£ro,  then 

wr„m  2  w'r'  wb’*1 . 

Proof:  By  induction  an  the  number  of  digits  that  implement  w. 

Base  Case.  By  the  hypothesis  that  rn+x  £r„<;  •••  £ri£r0,  we  conclude  rH+l^rH.  Thus, 

by  the  hypothesis  that  w*  ...w\  wb  <  wj,+l ...  w‘i+1  wb+1 ,  we  have  wq  2h'o*1  . 

Induction  Step:  n>0. 

wS’wSul  wb° 

2  «By  induction  hypothesis  that  wr„‘z\  ...  w\l  wr0°  2  ...  wr'  wq  and 

lexicographic  ordering* 
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r.  rm  rn  r» 

W«-l  ...  Wj  w0  . 

£  «By  hypothesis  that  r*+1  Sr„,  and  wj, ...  w‘i  wlQ  £  w‘n+l ...  w‘i+1  wq+1 » 

w'-*1  wo"*1  □ 

Combining  Lemmas  3  and  4,  we  conclude: 

Read-Right,  Write-Left:  If  (i)  the  sequence  of  values  written  to  w  is  non-decreasing,  (ii)  digits 
are  written  from  right  to  left,  and  (iii)  digits  are  read  from  left  to  right,  then  the  value  obtained 
by  any  read  will  be  no  smaller  than  any  value  written  by  an  overlapping  write. 

As  before,  exclusive  access  to  digits  is  the  only  synchronization  required,  and  operations  are  never 
delayed. 

5.  Conclusion 

We  have  reduced  a  complicated  proof  for  a  subtle  protocol  to  4  simple  lemmas,  each  consisting 
of  4  or  5  lines.  However,  the  proof  of  Lemma  1  is  disturbingly  similar  to  the  proof  of  Lemma  3,  and 
the  proof  of  Lemma  2  is  disturbingly  similar  to  the  proof  of  Lemma  4.  Two  proofs  should  suffice. 
Perhaps  in  another  15  years  we  will  find  than. 
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